ABSTRACT. We study a moduli space A S g for Artin-Schreier curves of genus g over an algebraically closed field k of characteristic p. We study the stratification of A S g by p-rank into strata A S g.s of Artin-Schreier curves of genus g with p-rank exactly s. We enumerate the irreducible components of A S g,s and find their dimensions. As an application, when p = 2, we prove that every irreducible component of the moduli space of hyperelliptic k-curves with genus g and 2-rank s has dimension g − 1 + s. We also determine all pairs (p, g) for which A S g is irreducible. Finally, we study deformations of Artin-Schreier curves with varying p-rank. 
projective line. The Riemann-Hurwitz formula implies that the genus g of Y is of the form g = d(p − 1)/2 for some integer d 0. The p-rank of Y is the integer s such that the cardinality of Jac(Y )[p](k) is p s . It is well known that 0 s g. By the Deuring-Shafarevich formula, s = r(p − 1) for some integer r 0.
In this paper, we study a moduli space A S g for Artin-Schreier k-curves of genus g. We study its stratification by p-rank into strata A S g,s whose points correspond to Artin-Schreier curves of genus g with p-rank exactly s. Throughout, we assume g = d(p − 1)/2 and s = r(p − 1) for some integers d 1 and r 0 since the problem is trivial otherwise. We denote by ⌊·⌋ and ⌈·⌉ the floor and ceiling of a real number, respectively. We prove: THEOREM 1.1. -Let g = d(p − 1)/2 with d 1 and s = r(p − 1) with r 0.
(1) The set of irreducible components of A S g,s is in bijection with the set of partitions {e 1 , . . . e r+1 } of d + 2 into r + 1 positive integers such that each e j ≡ 1 mod p. The proof uses ideas from [3, Section 5 .1], [11] , and [18] . As an application of Theorem 1.1, we determine all cases when A S g is irreducible, using the fact that every irreducible component of A S g has dimension d − 1, [15, Cor. 3.16] . COROLLARY 1.2. -The moduli space A S g is irreducible in exactly the following cases: (i) p = 2; or (ii) g = 0 or g = (p − 1)/2; or (iii) p = 3 and g = 2, 3, 5.
When p = 2, the moduli space A S g is the same as H g , the moduli space of hyperelliptic k-curves of genus g. By [13, Thm. 4 .1], H g is irreducible of dimension 2g − 1 when p = 2. Let H g,s ⊂ H g denote the stratum whose points correspond to The geometry of A S g is more complicated when p 3. For example, Theorem 1.1 shows that, for fixed g and s, the irreducible components of A S g,s can have different dimensions and thus A S g,s is not pure in general when p 3, Corollary 3.13.
Here is some motivation for these results, which also gives another illustration how the geometry of A S g is more complicated when p 3. Recall that the moduli space A g of principally polarized abelian varieties over k of dimension g can be stratified by p-rank. Let V g,s ⊂ A g denote the stratum of abelian varieties with p-rank s. By [17, 1.6] , every component of V g,s has codimension g − s in A g . Suppose M is a subspace of M g , the moduli space of k-curves of genus g. One can ask whether the image T (M) of M under the Torelli morphism is in general position relative to the p-rank stratification. A necessary condition for an affirmative answer is that codim(T (M) ∩ V g,s , T (M)) = g − s. This has been verified Here is an outline of the paper. In Section 2, we describe the p-ranks of ArtinSchreier curves and the relationship between irreducible components and partitions. Section 3 contains the proof of the main results. One finds Theorem 1.1 in Section 3.4, Corollary 1.2 in Section 3.5, and Corollary 1.3 in Section 3.6. The deformation results, including Theorem 1.4, are in Section 4. We conclude with some open questions.
Partitions and Artin-Schreier curves

Partitions
Fix a prime p > 0 and an integer d 1, with d even if p = 2. Let Ω d be the set of partitions of d +2 into positive integers e 1 , e 2 , . . . with each e j ≡ 1 mod p. Let Ω d,r be the subset of Ω d consisting of partitions of length r + 1. If E ∈ Ω d , let r := r( E) be the integer so that E ∈ Ω d,r . Write E = {e 1 , . . . , e r+1 } with e 1 · · · e r+1 .
There is a natural partial ordering ≺ on Ω d so that E ≺ E ′ if E ′ is a refinement of E, in other words, if the entries of E ′ can be divided into disjoint subsets whose sums are in bijection with the entries of E. Using this partial ordering, one can construct a directed graph G d . The vertices of the graph correspond to the partitions E in Ω d . There is an edge from E to E ′ if and only if E ≺ E ′ , and E = E ′ , and there is no partition lying strictly in between them (i.e., if
An edge E ≺ E ′ in the directed graph G d can be of two types. The first type has r( E) = r( E ′ ) − 1. In this case, one entry e of E splits into two entries e 1 and e 2 of E ′ such that e = e 1 + e 2 and none of the three is congruent to 1 modulo p. One can summarize this by writing {e} → {e 1 , e 2 }. The second type has r( E) = r( E ′ ) − 2. In this case, one entry e of E splits into three entries e 1 , e 2 , e 3 of E ′ such that e = e 1 + e 2 + e 3 and each e j ≡ (p + 1)/2 mod p. It follows that none of the four is congruent to 1 modulo p. One can summarize this by writing {e} → {e 1 , e 2 , e 3 }. Proof. -The first statement is true since if e 4 then there are e 1 , e 2 ∈ Z >0 so that e j ≡ 1 mod p and e 1 + e 2 = e. For the other statements, let E be a maximal partition of d + 2. Let b denote the number of the entries of E which equal 3. Note that 0 b (d + 2)/3. Let r + 1 be the length of E. Then d + 2 = 2(r + 1) + b and (d + 2)/3 r + 1 (d + 2)/2. Any choice of r + 1 in this range yields a unique choice of b which determines a unique partition E.
Remark 2.5. -When p = 2, every path in G d from the partition {d + 2} to the partition {2, . . . , 2} has the same length, which is d/2. When p = 3, every path in G d from a minimal to a maximal vertex has the same length, which is ⌊d/3⌋. This property does not hold in general for p 5.
Artin-Schreier curves
Here is a review of some basic Artin-Schreier theory. Let Y be an Artin-Schreier k-curve. Then there is a Z/p-cover φ : Y → P 1 k with an affine equation of the form y p − y = f (x) for some non-constant rational function f (x) ∈ k(x). At each ramification point, there is a filtration of the inertia group Z/p, called the filtration of higher ramification groups in the lower numbering [21, IV] .
Let {P 1 , . . . , P r+1 } be the set of poles of f (x) on the projective line P 1 k . Let d j be the order of the pole of f (x) at P j . One may assume that p ∤ d j by ArtinSchreier theory. Then d j is the lower jump at P j , i.e., the last index for which the higher ramification group above P j is nontrivial. Let e j = d j + 1. Then e j 2 and
Proof. -The first statement follows from the Riemann-Hurwitz formula using 
Moduli spaces of Artin-Schreier curves
Consider fixed parameters p, g = d(p − 1)/2 with d 1, and s = r(p − 1) with 0 s g. In this section, we study the p-rank s strata A S g,s of the moduli space A S g of Artin-Schreier curves of genus g. We show the irreducible components of A S g,s are in bijection with the elements of Ω d,r and find the dimension of these components.
Artin-Schreier covers
Let S be a k-scheme. An S-curve is a proper flat morphism Y → S whose geometric fibres are smooth connected curves. An Artin-Schreier curve Y over S is an S-curve for which there exists an (unspecified) inclusion ι : Z/p ֒→ Aut S (Y ) such that the quotient Y /ι(Z/p) is a ruled scheme. This means that there is an (unspecified) isomorphism between each geometric fibre of Y /ι(Z/p) and P 1 . An Artin-Schreier cover over S is a Z/p-cover φ : Y → P 1 S . In other words, it is an Artin-Schreier curve Y over S along with the data of a specified inclusion ι : Z/p ֒→ Aut S (Y ) and a specified isomorphism Y /ι(Z/p) ≃ P 1 S . Consider the following contravariant functors from the category of k-schemes to sets: A S g (resp. A S cov g ) which associates to S the set of isomorphism classes of Artin-Schreier curves (resp. covers) over S with genus g. As in [15, Prop. 2.7] , one can show that there is an algebraic stack representing A S g which we denote again by the symbol A S g . Similarly, e.g., [14, pg. 1] , there is an algebraic stack representing A S cov g which we denote again by the symbol A S cov g . One can define a natural map from A S cov g to A S g by forgetting the inclusion ι and the isomorphism Y /ι(Z/p) ≃ P 1 (and taking the quotient of the set of inclusions ι by the action of Aut(Z/p)).
There is a morphism F : A S cov g → A S g and the fibre of F over every geometric point of A S g has dimension 3. Proof. -There is a functorial transformation A S cov g (S) → A S g (S) that takes the isomorphism class of a given Artin-Schreier cover φ : Y → P 1 S over S to the isomorphism class of the Artin-Schreier curve Y over S. This yields a morphism
To prove the second claim, it suffices to work locally in the finite flat topology. Given an Artin-Schreier S-curve Y , after a finite flat extension of S, there exists an inclusion ι : Z/p ֒→ Aut S (Y ) and an isomorphism I : Y /ι(Z/p) → P 1 S . Thus Y is in the image of F. There are only finitely many choices for ι since Aut S (Y ) is finite for g 2 (e.g., [7, Theorem 1.11] ). There is a three-dimensional choice for the isomorphism I since dim(Aut(P 1 S )) = 3. Thus the fibre of F over Y has dimension three.
The ramification divisor
This section is about the ramification divisor of a given Artin-Schreier cover.
Let S be a k-scheme and let n ∈ Z >0 . Consider the contravariant functor C div n , from the category of k-schemes to sets, which associates to S the set of isomorphism classes of relative Cartier divisors of P 1 S of constant degree n. There is an algebraic stack representing C div n which we denote again by the symbol C div n . If D ∈ C div n (S) then, after a finite flat extension S ′ → S, one can identify D ′ = D × S S ′ with an effective Weil divisor of P 1 S ′ of degree n [12, II, Prop. 6.11]. In other words, one can write D ′ = ∑ r+1 j=1 e j P j where e j 1 and ∑ r+1 j=1 e j = n and where {P 1 , . . . , P r+1 } is a set of distinct horizontal sections of P 1 S ′ . Let r + 1 be the number of sections and let E(D) = {e 1 , . . . , e r+1 } with e 1 · · · e r+1 . The partition E(D) of n is a discrete invariant which induces a natural stratification
, all E for which each e j ≡ 1 mod p). For fixed E, let H E ⊂ S r+1 be the subgroup of the symmetric group generated by all transpositions ( j 1 , j 2 ) for which e j 1 = e j 2 .
Proof. -Let ∆ denote the weak diagonal of (P 1 ) r+1 , consisting of (r + 1)-tuples with at least two coordinates equal. The quotient of (P 1 ) r+1 − ∆ by the action of H E is irreducible with dimension r + 1. If D ∈ Cdiv d+2, E (S), recall that there is a finite flat extension S ′ → S and there are distinct horizontal sections P 1 , . . . , Let A S g, E (resp. A S cov g, E ) denote the locally closed reduced subspace of A S g (resp. A S cov g ) whose geometric points correspond to Artin-Schreier covers whose ramification divisor has partition E. The morphisms F and B respect the partition E. Let F E : A S cov g, E → A S g, E and B E : A S cov g, E → C div d+2, E denote the natural restrictions. Recall from [11] that M is a direct limit of affine schemes. This direct limit arises because if S = Spec(K) where K is not perfect, then there are non-trivial ArtinSchreier covers over S which become trivial after a finite flat extension of S. In [18] , the author addressed this issue using a configuration space whose k-points are in bijection with covers defined over k. In Proposition 3.6, we instead followed the approach of [3, Section 5.1].
Artin-Schreier covers with fixed ramification divisor
Remark 3.8. -Proposition 3.6 implies that A S cov g, E is a vector bundle over C div d+2, E . We note that it is not a trivial bundle. Remark 3.9. -For the convenience of the reader, we provide some intuition about Proposition 3.6. Let S be an irreducible affine k-scheme. Suppose
The automorphism σ = ι(1) acts via σ(y) = y + z for some z ∈ (Z/p) * . Two such covers φ 1 : y p − y = f 1 (x) and φ 2 : y p − y = f 2 (x) are isomorphic if and only if Proof. -The image of A S cov g,s under B is the union of the strata C div d+2, E of C div 1 d+2 with r( E) = r by Proposition 3.3. The stratum C div d+2, E is irreducible of dimension r + 1 by Lemma 3.2. 
Irreducible components of the p-rank strata
The next corollary shows that the image of A S g under the Torelli morphism is not in general position relative to the p-rank stratification of A g when p 3.
Proof. -Let d = 2g/(p − 1) and r = s/(p − 1). Let ε = min ∑ r+1 j=1 ⌊(e j − 1)/p⌋ where the minimum ranges over all partitions {e 1 , . . . , e r+1 } with fixed sum d + 2. By Corollary 3.11, codim(A S g,s , A S g 
Irreducibility of the Artin-Schreier locus
As an application of Theorem 1.1, we determine all pairs (p, g) for which A S g is irreducible. 
Thus, A S g is irreducible if and only if there is exactly one partition E ∈ Ω d with
and only if e j < p + 1 for 1 j r + 1. If p = 2, only one partition satisfies the condition e j < 3 for each j, namely the partition {2, . . . , 2}, Lemma 2.3. Thus A g is irreducible for all g when p = 2.
, and there is only one partition satisfying e j < p + 1, namely the partition {2} (resp. {3}). Thus A S g is irreducible in these cases.
If p = 3 and d = 2 (resp. 3, 5), only one partition satisfies the condition e j < 4, namely {2, 2}, (resp. {2, 3}, {2, 2, 3}). Thus A S g is irreducible in these cases.
Suppose p 3 and d 2 and that A S g is irreducible. If E is a maximal partition, then its entries satisfy e j 3 < p + 1. Thus Ω d has a unique maximal partition. By Lemma 2.4, this implies d ∈ {2, 3, 5}. If p 5, then there are at least two partitions satisfying e j < p + 1: for example, {4} and {2, 2} when d = 2; {5} and {2, 3} when d = 3; {2, 5} and {2, 2, 3} when d = 5. This is a contradiction and so cases (i)-(iii) are the only cases when A S g is irreducible.
Hyperelliptic curves in characteristic 2
Let H g be the moduli space of hyperelliptic k-curves of genus g. Let H g,s denote the locally closed reduced subspace of H g parametrizing hyperelliptic k-curves of 
Deformation results and open questions
In this section, we give some results on how the irreducible components of A S g,s (with varying s) fit together within A S g . This involves deformations of wildly ramified covers with non-constant branch locus.
A deformation result for wildly ramified covers
The main result of this section is that, under the obvious necessary conditions, the p-rank of an Artin-Schreier curve can be increased by p − 1 in a flat deformation. Then there exists an Artin-Schreier cover ψ S over S whose special fibre is isomorphic to ψ • , whose generic fibre is branched at two points that specialize to b and which have lower jumps e 1 − 1 and e 2 − 1, and whose ramification divisor is otherwise constant.
Proof. -Let e = e 1 + e 2 . By hypothesis, p ∤ (e − 1). Without loss of generality, suppose p | e 1 .
Consider the Artin-Schreier cover ψ • : Y • → Z • which is wildly ramified at the point y • ∈ Y • above b where it has lower jump e − 1. Letψ • :Ŷ • →Ẑ • be the germ of ψ • at y • . It is an Artin-Schreier cover of germs of curves. Using formal patching, see e.g., [11, Prop. 2.7] or [3, Thm. 3.3.4] , deformations of ψ • can be constructed locally via deformations ofψ • . With this technique, one can suppose that the deformation of ψ • , and thus the ramification divisor, is constant away from b.
. After a change of variables, one can suppose that the restriction ofψ • to Spec(k ((x −1 )) ) has equation y p − y = x e−1 .
Consider the deformationψ S ofψ
given by the normal extension of Spec(k[[x −1 ,t]]) with the following affine equation:
On the special fibre, when t = 0, thenψ s is isomorphic toψ • . On the generic fibre, when t = 0, thenψ S−s is branched above x −1 = 0 and above
The order of the pole of F(x) at x −1 = 0 is e − 1 − e 1 = e 2 − 1, which is prime-to-p by hypothesis. Thus the lower jump above x −1 = 0 is e 2 − 1. To compute the lower jump above x −1 = t, one can expand F(x) around 1/t:
F(x) = (−1) e 1 t −(e+e 1 −1) (x−1/t) −e 1 +(e−1)(−1) e 1 t −(e+e 1 −2) (x−1/t) −e 1 +1 +. . . . 
After a finite inseparable extension of k((t)) with equation
Preliminary closure results
In this section, we show that the combinatorial data in the graph G d gives partial information about how the irreducible components of A S g,s (with varying s) fit together in A S g . In fact, we will see in Section 4.3 that the graph G d gives complete information about this question when p = 2. Proof.
) and consider an Artin-Schreier cover φ S so that the generic fibre yields a k((t))-point of Γ E 1 and the special fibre yields a k-point of Γ E 2 . This is only possible if the branch points of φ S coalesce when t = 0. Since B(φ S ) is a relative Cartier divisor of constant degree, the entries of the partition sum together under specialization and the partition decreases in size.
The next example and lemma show that the condition E 1 ≺ E 2 is frequently not sufficient for Γ E 1 to be in the closure of Γ E 2 in A S g when p 5.
Example 4.4. -Let p = 5 and g = 4 and consider E 1 = {4} and E 2 = {2, 2}.
Then Γ E 1 and Γ E 2 are both components of A S 4 with dimension one. Although E 1 ≺ E 2 , at most a zero-dimensional subvariety of Γ E 1 can be in the closure of Γ E 2 . In fact, Γ E 1 is the supersingular family parametrized by y 5 − y = x 3 + cx 2 ;
while Γ E 2 is the ordinary family parametrized by y 5 
For a ∈ Z >0 , let a be the integer so that a ≡ a mod p and 0 a < p.
LEMMA 4.5. -Suppose E 1 ≺ E 2 with an edge from E 1 to E 2 .
(1) If the edge is of the form {e} → {e 1 , e 2 } with 2 < e 1 + e 2 p, then
Proof. -The dimension comparison follows from Theorem 1.
is not in the closure of Γ E 2 since A S g is separated.
Closure of the p-rank strata
The main result of this section is Theorem 4.7 which states that every irre- Proof. -For i = 1, 2, let Γ E i = A S g, E . Let Y • be the Artin-Schreier curve corresponding to a k-point of Γ E 1 . There exists an Artin-Schreier cover φ • : Y • → P 1 k over k. The element e in the partition E 1 determines a branch point b ∈ P 1 k so that the lower jump of φ • above b is e − 1.
Let S = Spec(k[[t]]). By Proposition 4.1, there exists an Artin-Schreier cover φ S over S whose special fibre is isomorphic to φ • and whose generic fibre is branched at two points that specialize to b and that have lower jumps e 1 − 1 and e 2 − 1. Furthermore, the ramification divisor is otherwise constant. Thus the generic fibre of φ S has partition E 2 . Thus Γ E 1 is in the closure of Γ E 2 in A S g . Proof. -Lemma 4.3 implies the forward direction. For the converse, one reduces to the case that there is an edge from E 1 to E 2 . Since p = 2, the edge has the form {e} → {e 1 , e 2 } where e 1 and e 2 are even. Then Proposition 4.6 applies.
Open questions
